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The paper revisits a well-known model of forced vibro-impact oscillator with
Amonton-Coulomb friction. In vast majority of the existing studies, this model in-
cluded also viscous friction, and its global dynamics in the state space is governed
by periodic, quasiperiodic or chaotic attractors. We demonstrate that removal of the
viscous friction leads to qualitative modification of the global dynamics. Namely, the
state space is divided into the regions with “regular” attraction to the aforementioned
special solutions, and the regions with profoundly Hamiltonian dynamics. The latter
regions contain structures typical for forced Hamiltonian systems: stability islands,
extended non-attractive chaotic regions etc. We prove that such local Hamiltonian
behavior should occur for phase trajectories with non-vanishing velocity. Stability
analysis for the periodic orbits confirms the above statement. It is demonstrated that
similar mixed global dynamics can be observed in broader class of models.
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It is a well-known fact that there is a drastic qualitative difference between
Hamiltonian and dissipative dynamics. Hamiltonian systems are governed by
Liouville’s theorem which imposes strict restrictions on possible dynamics. In
particular, it prohibits the existence of asymptotically stable solutions. Dissipa-
tive systems, by contrast, usually demonstrate eventual attraction of all phase
trajectories to ω-limit sets such as fixed points, periodic orbits, quasiperiodic or-
bits, or strange attractors. Although it is commonly believed that conservative
and dissipative dynamics can not be observed together, it is not true. In this
paper, we present a class of dissipative mechanical systems which demonstrate
coexistence of both attracting and Hamiltonian-like behaviors.
I. INTRODUCTION
Impact oscillators of various types attract a lot of attention for decades due to their im-
portance in various technical applications1–3. At the same time, dynamics of discontinuous
systems involving impacts raises fundamental mathematical questions that inspire major
research efforts over decades4–7. The impact interaction represents arguably the strongest
possible nonlinearity of interaction. On the other hand, unlike other systems with strong
nonlinearity, it is ubiquitous, easily realizable and used for modeling multiple physical
phenomena8,9. It is not surprising that the behavior of systems with impacts attracted
a lot of attention since the very first s.pdf of nonlinear dynamics10–12.
Amonton-Coulomb dry friction is even more ubiquitous and widely studied dynamical
phenomenon, also characterized by a peculiar discontinuity and raising quite a few problems
in mathematics and dynamics13,14. Dynamics of combined system, i.e. forced vibro-impact
oscillator with dry friction presumably has been first addressed in paper15. This work
addressed periodic responses of the system and their bifurcations in the space of parameters.
This line of research has been continued in a number of studies16–19, including recent work
on systems with multiple degrees of freedom.
It is a common knowledge that Hamiltonian systems, even with time-dependent Hamil-
tonian, obey Liouville’s theorem of the phase volume conservation20,21. This theorem poses
severe limitations on possible dynamics of the Hamiltonian systems. For instance, it pre-
2
cludes the existence of dynamic attractors. Thus, there exists a crucial qualitative differ-
ence between Hamiltonian and non-Hamiltonian dynamics. This paper considers the single-
degree-of-freedom system with periodic external forcing. If such model is Hamiltonian, its
stroboscopic map is expected to contain well-known generic features such as stability islands,
separatrix chaos, non-attractive “chaotic sea” etc22. However, the system with forcing and
dissipation usually demonstrates eventual attraction of all phase trajectories to different
type of attractors (ω-sets) such as periodic orbits, quasiperiodic tori, or strange attractors,
chaotic or non-chaotic23–25.
The force of dry friction is strictly dissipative, if the velocity is nonzero. At the same
time, we are going to demonstrate that the forced vibro-impact oscillator with dry friction
exhibits mixed dynamics. Namely, for the same sets of parameters, some open sets of initial
conditions lead to non-attractive dynamics, similar to that of globally Hamiltonian systems.
If the initial conditions lie beyond these sets, the phase trajectories are attracted to well-
defined ω-sets. It will be also demonstrated that both factors (impacts and friction) are
crucial for appearance of the mixed dynamics.
We note that the phemenon of mixed dynamics is not a novel discovery. Similar behaviors
have been observed, for example, in time-reversible systems26,27 and Fermi-Ulam model with
drag28. However, in the current paper we present a class of simple mechanical models where,
to the best of the authors’ knowledge, the phenomenon of mixed global dynamics has not
been discovered before.
The paper is as organized follows. In Section II, the phenomenon of mixed dynamics
is presented and illustrated by numerical simulations. Section III contains analysis of the
observed phenomena. Possible generalizations of the models with mixed dynamics are dis-
cussed in Section IV, followed by concluding remarks.
II. MIXED DYNAMICS OF FORCED VIBRO-IMPACT OSCILLATOR
We consider a single-degree-of-freedom unit mass particle placed between two rigid walls
at x = r and x = l with r − l = R > 0. Between the walls the particle moves under
the action of external sinusoidal force of period T = 2pi/ω and the Amonton-Coulomb dry
friction force:
x¨+ f sgn (x˙) = F cos (ωt), l < x < r. (1)
3
Strictly speaking the solution of equation (1) should be understood in Filippov’s sense, i.e.
the nonlinearity is the convexification of the discontinuous sign function. We assume that
the amplitude of external forcing exceeds the value of the kinetic friction, F > f , since
otherwise any motion comes to stop. We also assume the ideal reflection off the walls,
i.e. the unit restitution coefficient. In other words, when the particle hits either wall at a
moment t the instantaneous transformation of velocity is given by
x˙(t−) = −x˙(t+) for x(t) = r, l. (2)
Dynamics of system (1)–(2), and its dependence on parameters, will be illustrated by the
global phase portrait of the stroboscopic time T map Φ that takes a point (x(0), x˙(0)) to
the point (x (T ) , x˙ (T )). In particular, fixed points of Φ correspond to periodic solutions
with the frequency of external forcing ω. We note that rescaling of length and time can be
used to normalize two out of the four system parameters, F , f , ω, R, to 1.
Figure 1a presents the phase portrait of the stroboscopic map Φ of system (1)–(2) in the
frictionless case, f = 0 (other system parameters are defined in the figure caption). This
Hamiltonian system can be used as a reference for further results. An invariant island in
the center contains a fixed point and a 5-periodic orbit of the map Φ, which are surrounded
by invariant curves representing quasiperiodic motions, see Figure 1b. This fixed point
corresponds to a periodic solution of the fundamental frequency ω with four impacts at the
walls and two additional turning points per period. Another region of quasiperiodic motions
is observed for large velocities. Between these two regions there is a wide domain of chaotic
dynamics, see Figure 1a. The third island of quasiperiodic motions, which is indicated by
letter A on Figure 1a, is “centered” at a fixed point corresponding to a 2pi/ω-periodic motion
with two impacts per period and no other turning points. The latter trajectories belong to
the class of non-sticking solutions, i.e. solutions which have non-zero velocity at all times.
They are important for further analysis.
The above phase portrait is slightly transformed for larger values of the parameter R =
r − l. In particular, when R > F/ω2, the system has periodic solutions without impacts,
x(t) = −Fω−2 cos (ωt) + C, (3)
which are represented by a horizontal segment of fixed points in Figures 1c,d.
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(a) (b)
(c) (d)
FIG. 1: Phase portraits of the time T map Φ for F = 1, f = 0, ω = 1 and different values of the
distance between the walls, R. Panel (a): R = 0.8. Panel (b): zoom of an invariant island from
Panel (a). Panel (c): R = 4. Panel (d): R = 20. Blue dashed lines denote the walls; colored lines
represent invariant curves (tori); gray dots correspond to the chaotic sea; the black line segment
consists of fixed points corresponding to periodic solutions without impacts.
Introducing small friction f = 0.005 with the parameter set used in Figure 1a has a
significant impact on the phase portrait. The invariant region of Hamiltonian dynamics
which is marked by A on Figure 1a persists after this perturbation, see Figure 2. As shown
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below the time T map is area-preserving within this invariant region. However, the other
regions of quasi-periodic dynamics and chaos of Figure 1a are now all replaced by the
basins of attraction of the fixed point and period 5 orbit of the map Φ on Figure 2. These
asymptotically stable fixed point and period 5 orbit can be traced back by continuation to
the neutrally stable fixed point and period 5 trajectory on Figure 1b. In other words, in
this case we observe two periodic attractors and, simultaneously, an invariant region within
which the area is preserved.
(a) (b)
FIG. 2: Same as in Figures 1a,b, for f = 0.005. All the trajectories starting from the white region
are attracted to the asymptotically stable focus denoted by the black dot on Panel (b). Red dots
correspond to the stable 5-periodic orbit, which can be traced back by continuation to the neutrally
stable orbit of the same period in Figure 2b.
Figure 3 presents the transformation of the phase portrait shown in Figure 1d with
increasing friction. Here again the invariant island of quasi-periodic dynamics “centered”
at the fixed point, which corresponds to a non-sticking periodic solution, persists after the
introduction of friction. This island coexists with an attractor which in this case consists
of the periodic solutions without impacts that can be traced back to solutions (3). This
attractor is represented by the black horizontal line segment on Figure 3. In particular, its
basin of attraction replaces the chaotic regions and the invariant tori with large velocities
shown in Figure 1d, even in the case of small friction.
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(a) (b) (c)
(d) (e) (f)
FIG. 3: Evolution of the phase portrait with increasing friction. Panels (a)–(f) correspond to the
values of f from 0.1 to 0.6 with increment 0.1, respectively. Other parameters are the same as in
Figure 1d.
Figure 3 shows that the invariant island of Hamiltonian dynamics shrinks with increasing
kinetic friction f until it disappears in a saddle-center bifurcation of two non-sticking periodic
orbits at a critical kinetic friction value f = fcrit, see Figure 4. For f > fcrit the set of periodic
solutions without impacts becomes a global attractor. For f < fcrit near the bifurcation
point, the homoclinic tangle of the fixed point, which is associated with the unstable non-
sticking periodic trajectory, creates the chaotic boundary between the invariant island of
Hamiltonian dynamics and the basin of attraction of periodic solutions without impacts.
The island of Hamiltonian dynamics is “centered” at the fixed point associated with a
neutrally stable non-sticking periodic solution, see Figures 6a and 7a.
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FIG. 4: Saddle-center bifurcation of non-sticking periodic orbits. The black part corresponds
to neutrally stable periodic solutions (centers), the red part corresponds to periodic solutions of
saddle type. All the parameters except f are the same as in Figure 1d. This bifurcation diagram
was obtained using coco29.
(a) (b) (c)
(d) (e) (f)
FIG. 5: Same as Figure 3, for F = 1, ω = 2pi, l = −1 and r = 1. Panels (a)–(f) correspond to the
following values of f : 0.005, 0.01, 0.05, 0.1, 0.2, 0.3.
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Figure 5 demonstrates a similar scenario (for a different parameter set) but with multiple
invariant islands of Hamiltonian dynamics. All these islands shrink with increasing friction
and disappear in saddle-center bifurcations of non-sticking periodic solutions. For example,
of many isolated islands shown in Figures 5a,b, only the island surrounding a non-sticking
periodic solution of fundamental frequency ω and three islands surrounding a subharmonic
non-sticking solution of frequency ω/3 survive in Figures 5c-e corresponding to higher friction
values. Further, the latter three islands disappear in Figure 5f corresponding to even higher
friction f .
(a) (b)
FIG. 6: Black and red stars correspond to the neutrally stable (center) and unstable (saddle) fixed
points of Φ, respectively. Similarly, black and red diamonds are stable and unstable three-periodic
orbits. Big black dots correpond to a trajectory which belongs to the homoclinic tangle bounding
the invariant island of invariant curves (tori). Small black dots correspond to some trajectories with
initial conditions lying in the vicinity of unstable three-periodic orbit. Such trajectories converge
to the only attractor which consists of fixed points corresponding to periodic solutions without
impacts. The parameters are the same as in Figure 5c.
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(a) (b)
FIG. 7: Panel (a): White and gray regions correspond to parts of Ωpres and Ωdissip, respectively.
The shades of gray in Ωdissip are scaled according to the values of det (Φ
′). Red star corresponds
to the unstable fixed point of Φ. This orbit has eigenvalues λ1 = 0.3159 and λ2 = 3.1659. A
perturbation of the initial condition along the unstable direction produces a trajectory (black
dots) which follows the boundary of the invariant island. This trajectory converges to a fixed point
corresponding to a periodic solution without impacts. Black star corresponds to the stable fixed
point. Panel (b): White and gray regions correspond to Ωpres and Ωdissip, respectively. The image
Φ(Ωdissip) is dark gray. We can see that Φ(Ωdissip) ⊆ Ωdissip.
III. ANALYSIS
Hamiltonian dynamics of system (1)–(2) can be explained by lifting it to the uncon-
strained single-degree-of-freedom Hamiltonian system
q¨ +
∂V
∂q
=
f
R
(4)
with the space and time periodic piecewise linear potential
V (t, q) =
F
R
cos (ωt)W (q), W (q) =
q, 0 ≤ q < 1,2− q, 1 ≤ q < 2, W (q + 2) = W (q). (5)
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Any non-sticking solution of (4) is mapped to a non-sticking solution of (1)–(2) by the simple
relationship
x = R ·W (q) + l. (6)
Therefore, if all solutions starting from a domain Ω of the state space of system (1)–(2) are
non-sticking and Ω is invariant for the time T map Φ of this system, then Ω is a region of
Hamiltonian dynamics. It is important to note that systems (1)–(2) and (4) are topologically
conjugate only on a part of their state spaces, and trajectories with sticking are not related
by equation (6).
In particular, at least a small invariant region Ω of Hamiltonian dynamics exists around
every fixed point of non-resonance center type because such a fixed point of Φ is surrounded
by invariant curves, and Φ preserves the area within the invariant domain bounded by
an invariant curve (see Figure 8). A stable fixed point of center type corresponds to a
stable non-sticking periodic solution. For example, symmetric periodic solutions x(t) =
−x(t+ pi/ω) + r + l are defined by the equations
x1,2(t) =

− F
ω2
cos (ωt)−f
2
(
t− ψ1,2
ω
)2
+ C1,2
(
t− ψ1,2
ω
)
+D1,2,
0 ≤ ωt < τ1,2,
− F
ω2
cos (ωt)+
f
2
(
t− ψ1,2 + pi
ω
)2
− C1,2
(
t− ψ1,2 + pi
ω
)
−D1,2,
τ1,2 ≤ ωt < pi,
(7)
where
ψ1 = pi + arcsin
(
pif
2F
)
, ψ2 = − arcsin
(
pif
2F
)
, τ1,2 = ψ1,2 ∓ pi,
C1,2 =
fpi2 ± 2√4F 2 − f 2pi2 + 2Rω2
2piω
, D1,2 = l ∓
√
4F 2 − f 2pi2
2ω2
.
One necessary condition for the existence of solutions x1,2(t) is evident:
f
F
≤ 2
pi
. (8)
Another condition comes from the fact that x1,2(t) are non-sticking periodic solutions. Note
that it is sufficient to guarantee that the minimum of the velocity during the free flight from
x = l to x = r is positive. Therefore, the non-sticking condition can be written in a closed
form as follows:√
4F 2 − pi2f 2 − pi
√
F 2 − f 2 + pif
(
arcsin
(
pif
2F
)
− arcsin
(
f
F
))
+Rω2 > 0. (9)
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In particular, when
f
F
=
2
pi
(10)
solutions x1,2(t) coincide, which corresponds to the fold bifurcation. At the bifurcation point,
condition (9) reduces to
ω2R
F
>
(√
pi2 − 4− 2 arccos
(
2
pi
))
. (11)
Furthermore, we can conclude that the saddle-center bifurcation of periodic solutions is a
generic mechanism generating invariant regions of Hamiltonian dynamics when the kinetic
friction parameter f decreases (see Figures 3–5).
(a) R = 0.89 (b) R = 0.8932 (c) R = 0.895
FIG. 8: Passing resonance 3 : 1. When the distance between the walls equals to the critical
value R∗ ≈ 0.8932, three separatrices intersect at a fixed point corresponding to a periodic solution
without sticking. As R is varied, the separatrices move away from the fixed point forming a triangle
which bounds the island of invariant curves surrounding the fixed point. Thus, the fixed point is
neutrally stable when R is close to R∗ and unstable when R = R∗. Parameters are ω = 2pi, F = ω2,
f = 24.65.
Stability and type of a fixed point and the corresponding periodic solution can be de-
termined using the linearization of the map Φ as follows. Any trajectory of (1)–(2) can be
represented as a sequence of motions and events of the following types: free flight (x˙ 6= 0),
sticking (x˙ = 0 over a nonzero interval of time), reflection from the wall (x = r, l) and a
turning point (change of sign of x˙). The Jacobi matrix Φ′ can be obtained as a product
of matrices of the corresponding four types listed in Table I, with the order of matrices
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corresponding to the order of motions and events during the time interval 0 ≤ t ≤ T (the
matrix corresponding to an instantaneous event is known as saltation matrix).
TABLE I: Matrices corresponding to each type of motion/event.
Type of motion/event Matrix
Free flight on [t1, t2]
1 t2 − t1
0 1

Sticking
1 0
0 0

Reflection off the wall at time t = t∗
 −1 0
2F cos (ωt∗)
x˙(t∗) −1

Turning point at time t = t˜
1 0
0 |F cos (ωt˜)|−f|F cos (ωt˜)|+f

In particular, for non-sticking trajectories, Φ′ is the product of matrices of the first and the
third type (see Table I), hence det (Φ′) = 1, which corresponds to the area preservation. On
the other hand, a turning point results in shrinking of the phase area due to | det (Φ′) |< 1.
Further, any interval of sticking implies det (Φ′) = 0 and backward non-uniqueness. For
example, this is illustrated by Figure 2a where the fixed point corresponding to a non-sticking
periodic trajectory is embedded into the region of Hamiltonian dynamics while the attracting
fixed point and period 5 orbit correspond to exponentially stable periodic trajectories with
turning points. Similarly, the attractor on Figure 3 corresponds to periodic orbits with two
intervals of sticking per period.
In Figure 7b we explore the global decomposition of the state space into the domain Ωpres
within which the time T map Φ is area preserving (| det(Φ′) |= 1) and the complementary
domain Ωdissip where Φ is contracting (| det(Φ′) |< 1)30. Trajectories starting from Ωpres
have non-zero velocity during the whole time interval 0 ≤ t ≤ T while the trajectories
starting from Ωdissip reach zero velocity at least once during the same interval of time. In
particular, Ωpres contains all invariant islands of Hamiltonian dynamics and Ωdissip contains
all the attractors of the map Φ. In Figure 7b, the set Ωdissip is invariant for the map Φ, i.e.
if a solution of system (1)–(2) has zero velocity at some point during one period, it also has
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zero velocity at least once per each subsequent period. The set Ωpres splits into an invariant
domain of Hamiltonian dynamics and a complementary set of points which under iterations
of the map Φ eventually enter the domain Ωdissip (a trajectory starting from such point has
zero velocity at some future moment). In Figure 7 the invariant part of the domain Ωpres is
bounded by the homoclinic tangle of the saddle fixed point corresponding to the non-sticking
unstable periodic solution of fundamental frequency ω.
IV. POSSIBLE EXTENSIONS AND CONCLUDING REMARKS
The analysis presented above can be equally applied to systems with more complex
forcing. For example, let us consider the following modification of system (1):
x¨+ f sgn(x˙) = F cos
(pix
2
)
cos (ωt) (12)
with an x-dependent force that vanishes on the walls placed at x = ±1. Unlike (1), sys-
tem (12) has a set E of stable equilibrium points, which are located close to the walls.
Namely, E consists of points with zero velocity at the positions −1 ≤ x ≤ −1 + η and
1− η ≤ x ≤ 1 with
η =
2
pi
arccos
(
f
F
)
because at these locations friction exceeds the external forcing.
Figure 9 presents an example of the phase portrait of the time T map for system (12).
The set E of equilibrium points is an attractor which co-exists with a region of Hamiltonian
dynamics with invariant curves surrounding a periodic non-sticking orbit (see Figure 9a).
The two components of the attractor E at the walls are connected by an attractive invariant
curve, see Figure 9b. Numerical simulations suggest that E is the only attractor. In partic-
ular, there are no periodic trajectories with stiction or turning points such as in Figures 2
and 3.
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(a) (b)
FIG. 9: Orbits of the time T map of system (12). Panel (a): Invariant island of Hamiltonian
dynamics. Panel (b): Trajectories attracted to steady-state solutions. Parameters are F = 1,
f = 0.1, ω = 2pi.
To conclude, a combination of several important features of the model is crucial for ob-
servation of the mixed dynamics. Impact constraints are necessary to switch the velocity
direction without passage through zero. Impacts should be elastic, and viscous friction
should be absent, to avoid the contraction of the stability map for the non-sticking trajec-
tories. At the same time, the friction coefficient can depend on the particle coordinate.
Further extensions could include multi-particle systems. The simplest case is represented
by N identical indistinguishable particles, each satisfying system (1)–(2), all placed between
the same two walls. If we assume ideal collisions between the particles, then the system
is simply equivalent to N independent systems (1)–(2). It would be interesting to include
interactions between these systems — for instance, to consider particles of different masses.
This is a subject of future work.
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